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INDUCTIVE LIMITS OF COMPACT QUANTUM GROUPS AND THEIR
UNITARY REPRESENTATIONS
RYOSUKE SATO
Abstract. We will introduce the notion of inductive limits of compact quantum groups as
W ∗-bialgebras equipped with some additional structures. We also formulate their unitary
representation theories. Those give a more explicit representation-theoretic meaning to our
previous study of quantized characters associated with a given inductive system of compact
quantum groups. As a byproduct, we will give an explicit representation-theoretic inter-
pretation to some transformations that play an important role in the analysis of q-central
probability measures.
1. Introduction
In our previous paper [11], we introduced the notion of quantized characters associated with
a given inductive system, say G = (GN )
∞
N=0, of compact quantum groups. This work was
based on the so-called Stratila–Voiculescu AF-algebra A(G), which we regard as the group C∗-
algebra associated with the conjectural “inductive limit quantum group G∞” arising from G.
In the same paper [11], we also gave a serious investigation of quantized characters when the
inductive system G consists of the quantum unitary groups Uq(N) with 0 < q < 1. One of the
consequences there was to give an explicit interpretation to Gorin’s asymptotic analysis [4] of the
so-called q-Gelfand–Tsetlin graph in terms of q-deformed quantum groups. However, we have
not yet constructed any explicit “inductive limit quantum group G∞” from G, which should fit
into our theory of quantized characters as well as Gorin’s analysis of q-Gelfand–Tsetlin graph
(when GN = Uq(N)). Here we need a new framework of operator algebraic quantum groups
because the infinite-dimensional unitary group U(∞) = lim
−→N
U(N) is not locally compact.
In this paper, we will introduce a natural inductive limit of the given G as W ∗-bialgebras.
More precisely, we will show that Takeda’s W ∗-inductive limit, denoted by W ∗(G∞) here, (see
[15]) of compact quantum group-W ∗-algebras W ∗(GN ) (in the sense of Yamagami [19]) admits
a natural quantum group structure similar to Woronowicz algebras introduced by Masuda–
Nakagami [6], that is, W ∗(G∞) has a comultiplication δˆ∞, a unitary antipode Rˆ∞ and a de-
formation automorphism group {τˆ∞t }t∈R on W
∗(G∞). Takeda’s construction of W
∗-inductive
limits admits that A(G) sits into W ∗(G∞) as a σ-weakly dense subalgebra. More importantly,
all the normal KMS states on W ∗(G∞) with respect to {τˆ∞t }t∈R are naturally identified (as
restriction/extension) with the quantized characters defined based on A(G). Therefore, we can
reformulate our previous theory of quantized characters associated with G in terms of this W ∗-
bialgebra (W ∗(G∞), δˆ∞, Rˆ∞, τˆ
∞
t ) except for the “inductive limit topology” on the convex set
of quantized characters. In fact, W ∗(G∞) is too large and needs a smaller subalgebra like A(G)
to introduce the topology on the quantized characters; see Remark 3.2.
1
2 R. SATO
The introduction of this explicit W ∗-bialgebra (W ∗(G∞), δˆ∞, Rˆ∞, τˆ
∞
t ) allows us to give a
natural unitary representation theory of G∞ rather than G. More precisely, we can consider a
new quantized character χ from two given ones χ1, χ2 through the tensor product of the unitary
representations arising from those χ1, χ2. We will investigate this χ when GN = Uq(N) and
describe it in terms of the so-called q-Schur generating functions associated with χ1, χ2. Note
that the q-Schur generating functions are nothing less than the “restrictions” of χ1, χ2 to the
“maximal tori”. In this context, we will pay our attention to the quantum analog of the de-
terminant representation of U(∞), which we call the quantum determinant representation. As
a consequence, we will see that the tensor product of the quantum determinant representation
and the unitary representation arising from any extreme quantized character is also associated
with an extreme quantized character. Moreover, we will describe such a tensor product repre-
sentation in terms of concrete transformations on the set of extreme quantized characters. Here,
we would like to emphasize that those transformations often appear in the analysis of q-central
probability measures on the q-Gelfand–Tsetlin graph (see [4], [2]), and hence the present work
gives, as a byproduct, an explicit representation-theoretic interpretation to some important
transformations that appear in the analysis of q-central probability measures due to Gorin.
2. Preliminaries
We review necessary facts on compact quantum groups and compact quantum group-von
Neumann algebras.
Let G = (A(G), δG) be a compact quantum group, that is, A(G) is a unital C
∗-algebra and
δG : A(G)→ A(G)⊗A(G) is a unital ∗-homomorphism satisfying
• (δG⊗ id) ◦ δG = (id⊗ δG) ◦ δG as ∗-homomorphisms from A(G) to A(G)⊗A(G)⊗A(G),
• (A(G)⊗ 1)δG(A(G)), (1 ⊗A(G))δG(A(G)) ⊂ A(G) ⊗A(G) are dense,
where the symbol ⊗ means minimal tensor products of C∗-algebras. Let hG be the Haar state
of G, which is a quantum group analog of integration by a Haar probability measure. Moreover,
{fGz }z∈C denotes the so-called Woronowicz characters of G. See [7] for more details.
In this paper, we always assume that Ĝ is countable, where Ĝ is the set of all unitarily equiv-
alence classes of irreducible unitary representations of G. For each α ∈ Ĝ we fix a representative
Uα ∈ B(HUα) ⊗ A(G), where the representation space HUα must be finite dimensional. Then
the matrix FUα := (id⊗ f
G
1 )(Uα) ∈ B(HUα) is positive and invertible with Tr(FUα) = Tr(F
−1
Uα
),
where this trace is called the quantum dimension of Uα (and of α), denoted by dimq(α).
We denote by A(G) the linear subspace of A(G) generated by all matrix coefficients of finite
dimensional representations of G. Then A(G) becomes a ∗-subalgebra of A(G). In this paper,
we always assume that A(G) is the universal C∗-algebra generated by A(G). The linear dual
A(G)∗ also becomes a ∗-algebra and A(G)∗ ∼=
∏
α∈ĜB(HUα) naturally as ∗-algebras. Then we
define the three ∗-subalgebras C[G], C∗(G) and W ∗(G) of A(G)∗ that are ∗-isomorphic to
alg-
⊕
α∈Ĝ
B(HUα) :=

(xα)α∈Ĝ ∈
∏
α∈Ĝ
B(HUα)
∣∣∣∣∣∣ xα = 0 without finitely many α ∈ Ĝ

 ,
c0-
⊕
α∈Ĝ
B(HUα) :=

(xα)α∈Ĝ ∈
∏
α∈Ĝ
B(HUα)
∣∣∣∣∣∣ limα∈Ĝ ‖xα‖ = 0

 ,
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ℓ∞-
⊕
α∈Ĝ
B(HUα) =

(xα)α∈Ĝ ∈
∏
α∈Ĝ
B(HUα)
∣∣∣∣∣∣ supα∈Ĝ ‖xα‖ <∞


by the above ∗-isomorphism, respectively. Then C∗(G) becomes a C∗-algebra called the group
C∗-algebra of G, and W ∗(G) becomes a von Neumann algebra called the group von Neumann
algebra of G. In what follows, we identify three ∗-algebras C[G] ⊂ C∗(G) ⊂W ∗(G) with
alg-
⊕
α∈Ĝ
B(HUα) ⊂ c0-
⊕
α∈Ĝ
B(HUα) ⊂ ℓ
∞-
⊕
α∈Ĝ
B(HUα).
Let {τGt }t∈R be the scaling group of G, which is a one-parameter automorphism group on
A(G) (see [7, Section 1.7]). It is known that their dual maps {τˆGt }t∈R (defined by τˆ
G
t (f) := f ◦τ
G
t
for f ∈ A(G)∗) is given as {
∏
α∈ĜAdF
it
Uα
}t∈R. Thus, {τˆGt }t∈R preservesC[G], C
∗(G) andW ∗(G)
respectively, and forms a one-parameter automorphism group. In what follows, we denote by
the same symbol {τˆGt }t∈R the restrictions to W
∗(G) and C∗(G).
Let (πG, L
2(G), ξG) be the GNS-triple associated with the Haar state hG. Then, using the
orthogonality relations of matrix coefficients of irreducible representations (see [7, Theorem
1.4.3]), we can show that L2(G) is isometrically isomorphic to ℓ2-
⊕
α∈ĜB(HUα), where each
B(HUα) has the inner product given by 〈X,Y 〉 := TrHUα (FUαY
∗X)/ dimq(α). Thus, we can
regard operators in C∗(G) andW ∗(G), which act on ℓ2-
⊕
α∈ĜB(HUα) by the left multiplication,
as bounded operators on L2(G). Moreover, we always assume that hG is faithful. Thus, A(G)
is faithfully embedded into B(L2(G)).
We define UG := (Uα)α∈Ĝ ∈ W
∗(G)⊗B(L2(G)). By [10, Theorem 3.1] and [17, Section 2.2],
there exists a unique unital ∗-homomorphism δˆG : W ∗(G)→W ∗(G)⊗¯W ∗(G) such that
(δˆG ⊗ id) ◦ δˆG = (id⊗ δˆG) ◦ δˆG, (δˆG ⊗ id)(U
G) = UG23U
G
13, (2.1)
δˆG ◦ τˆ
G
t = (τˆ
G
t ⊗ τˆ
G
t ) ◦ δˆG. (2.2)
We denote by ǫˆG and RˆG the counit and the unitary antipode ofW
∗(G), respectively. See [7, Sec-
tion 1.6] for definitions. Remark that the counit ǫˆG : W
∗(G)→ C is a normal ∗-homomorphism
and the unitary antipode RˆG : W
∗(G) → W ∗(G) is an involutive normal ∗-anti-automorphism.
It is known that
τˆGt ◦ RˆG = RˆG ◦ τˆ
G
t , δˆG ◦ RˆG = (RˆG ⊗ RˆG) ◦ δˆ
op
G , (2.3)
where δˆopG := σ ◦ δˆG and σ : W
∗(G)⊗W ∗(G) → W ∗(G)⊗W ∗(G) is the flip map. Remark that
RˆG◦ τˆG−i/2 = τˆ
G
−i/2◦RˆG becomes an antipode, where τˆ−i/2 is the analytic continuation of {τˆt}t∈R.
More precisely, for any x ∈ C[G]
m ◦ (id⊗ (RˆG ◦ τˆ
G
−i/2))(δˆG(x)) = ǫˆG(x)1 = m ◦ ((RˆG ◦ τˆ
G
−i/2)⊗ id)(δˆG(x)),
where m : W ∗(G)⊙W ∗(G)→ W ∗(G) is the multiplication. Then, following Yamagami [19], we
call G := (W ∗(G), δˆG, ǫˆG, RˆG, {τˆGt }t∈R) a compact quantum group-von Neumann algebra.
Definition 2.1. A normal τˆG-KMS state on W ∗(G) with the inverse temperature −1 is called
a quantized character of G. We denote by Char(G) the set of quantized characters of G. For
any α ∈ Ĝ the χα ∈ Char(G) defined by
χα((xα′)α′∈Ĝ) :=
Tr(FUαxα)
dimq(α)
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is called the indecomposable quantized character labeled with α ∈ Ĝ.
Remark 2.1. Remark that our previous definition of quantized characters ([11, Definition 2.1])
is equivalent to the above definition of quantized characters. See Proposition 2.1. If {τˆG} is
trivial (i.e., G is of Kac type), quantized characters are nothing less than normal tracial states
on W ∗(G). If G is a compact group, then there exists an affine homeomorphism between the
set of normal tratical states on W ∗(G) and the set of characters of G, where a positive-definite
continuous function f on G is called a character if f(gh) = f(hg) for any g, h ∈ G and f(e) = 1.
We equip Char(G) with the weak∗ topology induced from W ∗(G). Let KMS(C∗(G)) be
the set of τˆG-KMS state with the inverse temperature −1 on C∗(G), equipped with the weak∗
topology induced from C∗(G).
Proposition 2.1. The mapping χ ∈ Char(G) 7→ χ|C∗(G) ∈ KMS(C
∗(G)) is an affine homeo-
morphism. In particular, a sequence χn ∈ Char(G) converges to χ ∈ Char(G) as n→∞ if and
only if χn(x)→ χ(x) as n→∞ for any x ∈ C∗(G).
Proof. By the similar way in [11, Lemma 2.2], we can show that any χ ∈ Char(G) can be
uniquely decomposed as χ =
∑
α∈Ĝ cαχ
α, where the cα are nonnegative coefficients satisfying∑
α∈Ĝ cα = 1. Thus, there exists an affine bijection between Char(G) and KMS(C
∗(G)). In the
rest of proof, we show that a sequence χn ∈ Char(G) converges to χ ∈ Char(G) if χn(x)→ χ(x)
as n→∞ for any x ∈ C∗(G). We denote by χn =
∑
α c
(n)
α χα and χ =
∑
α∈Ĝ cαχ
α the unique
decompositions of χn, χ, respectively. By the assumption, c
(n)
α → cα as n→∞ for any α ∈ Ĝ.
Thus, by the dominated convergence theorem with respect to the counting measure on Ĝ, the
sequence χn(x) converges to χ(x) for any x ∈ W ∗(G). 
Definition 2.2. The tensor product representation of two normal ∗-representation (T1,H1)
and (T2,H2) of W ∗(G) is defined as (T1 T© T2,H1 ⊗H2), where T1 T© T2 := (T1 ⊗ T2) ◦ δˆG. The
conjugate representation of (T,H) is defined as (T c,H), where H is the conjugate Hilbert space
and T c(x)ξ¯ := T (RˆG(x∗))ξ for any x ∈W ∗(G) and ξ¯ ∈ H. See [19, Section 3] for more details.
By the following lemma, a tensor product of two quantized characters is also a quantized
character.
Lemma 2.1. Let χ1, χ2 be quantized characters. Then χ1 T© χ2 := (χ1 ⊗ χ2) ◦ δˆG is also a
quantized character.
Proof. It easy to see that χ1 ⊗ χ2 is a τˆG ⊗ τˆG-KMS state on W ∗(G)⊗¯W ∗(G). Thus, for
any x, y ∈ W ∗(G) there exists a bounded continuous complex function F on the zonal region
{z ∈ C | −1 ≤ Im(z) ≤ 0} which is analytic in {z ∈ C | −1 < Im(z) < 0}, such that
F (t) = χ1 ⊗ χ2(δ(x)(τˆ
G ⊗ τˆG)t(δ(y))),
F (t− i) = χ1 ⊗ χ2((τˆ
G ⊗ τˆG)t(δ(y))δ(x))
for any t ∈ R. By Equation (2.2), we have F (t) = χ1 T©χ2(xτˆGt (y)) and F (t−i) = χ1 T©χ2(τˆ
G
t (y)x)
for any t ∈ R. Therefore, χ1 T© χ2 is a τˆG-KMS state. 
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3. Quantum group W ∗-algebras of inductive limits of compact quantum groups
Here is the main part in this paper. We will introduce the notion of inductive limits of
compact quantum groups as inductive limits of quantum group-W ∗ algebras.
Let (GN )
∞
N=0 be a sequence of compact quantum groups such that G0 = (C, idC) and GN is a
quantum subgroup of GN+1, i.e., there is a surjective ∗-homomorphism θN : A(GN+1)→ A(GN )
satisfying δGN ◦ θN = (θN ⊗ θN ) ◦ δGN+1, called a restriction map. Remark that θN |A(GN+1) is
also surjective (see [17, Lemma 2.8]). By [17, Lemma 2.10], there exists a faithful normal unital
∗-homomorphism ΘN : W ∗(GN )→W ∗(GN+1) satisfying (ΘN ⊗ id)(UGN ) = (id⊗ θN)(UGN+1).
Remark that ΘN is the dual map of θN . By Equations (2.1), we can prove that
δˆGN+1 ◦ΘN = (ΘN ⊗ΘN) ◦ δˆGN . (3.1)
Remark that {τˆGt }t∈R and RˆG are the dual maps of {τ
G
t }t∈R and the unitary antipode of A(G).
Thus, by [17, Lemma 2.9], we have
ΘN ◦ τˆ
GN
t = τˆ
GN+1
t ◦ΘN , ΘN ◦ RˆGN = RˆGN+1 ◦ΘN . (3.2)
By [15, Theorem 7], there exists a unique pair of von Neumann algebra W ∗(G∞), where G∞
is just a symbol, and family of normal ∗-homomorphisms Θ∞N : W
∗(GN )→W ∗(G∞) satisfying
Θ∞N+1 ◦ ΘN = Θ
∞
N and the following property: if there exist a von Neumann algebra N and
normal ∗-homomorphisms ΦN : W ∗(GN ) → N satisfying that ΦN+1 ◦ ΘN = ΦN for every
N ≥ 0, then there exists a unique normal ∗-homomorphism Φ: W ∗(G∞) → N satisfying Φ ◦
Θ∞N = ΦN for every N ≥ 0. This W
∗(G∞) is called the W
∗-inductive limit of the inductive
system (W ∗(GN ),ΘN )
∞
N=0 in the sense of Takeda [15]. The Stratila–Voiculescu AF-algebra
A(G∞) of the inductive system G is defined as the C
∗-subalgebra of W ∗(G∞) generated by⋃∞
N=0Θ
∞
N (C
∗(GN )).
Remark 3.1. Let M(G∞) := lim−→N
(W ∗(GN ),ΘN ) be the inductive limit in the category of
C∗-algebras and ∗-homomorphisms. Remark that the both C∗(GN ) ⊂ W ∗(GN ) are faithfully
embedded into M(G∞) since ΘN is injective for every N ≥ 0. A state ϕ on M(G) is said to be
locally normal in the sense of Takesaki (see [16]) if ϕ|W∗(GN ) is normal for any N ≥ 0. Let N
be the set of all locally normal states on M(G∞). We define (T,H) := (
⊕
ϕ∈N Tϕ,
⊕
ϕ∈N Hϕ),
where (Tϕ,Hϕ) is the GNS-representation of M(G∞) associated with ϕ. Then a W ∗-inductive
limit of the inductive system (W ∗(GN ),ΘN )
∞
N=0 is realized as T (M(G∞))
′′. Indeed, we have
the following properties:
(1) T |W∗(GN ) is unital and normal for each N ≥ 0.
(2) By [15, Lemma 2], N is dense in the set of states on A(G∞) with respect to weak∗
topology. Thus, T is a faithful ∗-homomorphism.
(3) By [13, Theorem 1] and [15, Lemma 2], N = {ϕ˜◦T | ϕ˜ is normal state on T (M(G∞))′′}.
If N is a von Neumann algebra and ΦN : W
∗(GN ) → N are normal ∗-homomorphisms sat-
isfying ΦN+1 ◦ ΘN = ΦN for any N ≥ 0. Then, by the universality of M(G∞), we have a
∗-homomorphism Φ0 : M(G∞)→ N satisfying Φ0|W∗(GN ) = ΦN for any N ≥ 0. Then we have
{ϕ˜ ◦ Φ0 | ϕ˜ is normal state on N}
⊆ N = {ϕ˜ ◦ T | ϕ˜ is normal state on T (M(G∞))
′′}.
Thus, by [14, Theorem 2], there is a normal ∗-homomorphism Φ: T (M(G∞))′′ → N satisfying
Φ ◦Θ∞N = ΦN for any N ≥ 0.
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Here we discuss a Hopf algebra structure and a flow on W ∗(G∞). By [15, Theorem 10], we
have
W ∗(G∞)⊗¯W
∗(G∞) =
⋃
N≥0
Θ∞N (W
∗(GN ))⊗¯Θ∞N (W
∗(GN ))
SOT
,
W ∗(G∞)⊗¯W
∗(G∞)⊗¯W
∗(G∞) =
⋃
N≥0
Θ∞N (W
∗(GN ))⊗¯Θ∞N (W
∗(GN ))⊗¯Θ∞N (W
∗(GN ))
SOT
,
where the right-hand sides are the closures with respect to the strong operator topologies. By
Equation (3.1), we have the unital normal ∗-homomorphism δˆ∞ : W ∗(G∞)→W ∗(G∞)⊗¯W ∗(G∞)
satisfying δˆ∞ ◦ Θ∞N = (Θ
∞
N ⊗ Θ
∞
N ) ◦ δˆN for any N ≥ 0. Then, by Equation (2.1), we have
(id⊗δˆ∞)◦δˆ∞ = (δˆ∞⊗id)◦δˆ∞. By Equations (3.2), we have a one-parameter automorphism group
{τˆ∞t }t∈R onW
∗(G∞) and an involutive normal ∗-anti-automorphism Rˆ∞ : W ∗(G∞)→W ∗(G∞)
satisfying τˆ∞t ◦Θ
∞
N = Θ
∞
N ◦ τˆ
GN
t and Rˆ∞ ◦Θ
∞
N = RˆGN for every N ≥ 0. Remark that Θ
∞
N ◦ RˆGN
is normal ∗-homomorphism from W ∗(GN ) to the opposite algebra of W ∗(G∞). Thus, we can
apply the universality of W ∗(G∞) to the family of normal ∗-anti-homomorphisms Θ∞N ◦ RˆGN .
Moreover, by Equation (2.2), (2.3), we have that for any t ∈ R
δˆ∞ ◦ τˆ
∞
t = (τˆ
∞
t ⊗ τˆ
∞
t ) ◦ δˆG, τˆ
∞
t ◦ Rˆ∞ = Rˆ∞ ◦ τˆ
∞
t , δˆ∞ ◦ Rˆ∞ = (Rˆ∞ ⊗ Rˆ∞) ◦ δˆ
op
∞ . (3.3)
Following Yamagami’s work [19] and Masuda and Nakagami’s work [6], we define inductive
limits of compact quantum groups and more general framework.
Definition 3.1. We call G∞ := (W
∗(G∞),A(G∞), δˆ∞, Rˆ∞, {τˆ∞t }t∈R) the inductive limit quan-
tum group W ∗-algebra of an inductive system of compact quantum groups GN . More generally,
we call G = (M,A, δˆ, Rˆ, {τˆt}t∈R) a quantum group W
∗-algebra if
• M is a von Neumann algebra,
• A is a σ-weakly dense C∗-subalgebra of M ,
• δˆ : M → M⊗¯M is a comultiplication, i.e., unital normal ∗-homomorphism satisfying
(id⊗ δˆ∞) ◦ δˆ∞ = (δˆ∞ ⊗ id) ◦ δˆ∞,
• Rˆ : M →M is an involutive ∗-anti-homomorphism called a unitary antipode and {τˆt}t∈R
is a one-parameter automorphism group on M preserving A called a deformation auto-
morphism group. Moreover, Rˆ and {τˆt}t∈R satisfy Equation (3.3).
The necessity of A is unclear to formulate general quantum group W ∗-algebras. However,
A(G∞) is indeed necessary to give a natural topology on the convex set of quantized characters of
G∞. See Theorem 3.1 and Remark 3.2 below. If we assume the existence of Haar weight hˆ, then
the (M, δˆ, Rˆ, {τˆt}t∈R, hˆ) is a (dual) Woronowicz algebra in the sense of Masuda and Nakagami
[6], which is a formulation of locally compact quantum groups by von Neumann algebras. On
the other hand, if M is a direct sum of finite-dimensional von Neumann algebras and has a
conuit ǫˆ, then (M, δˆ, ǫˆ, Rˆ, {τˆt}t∈R) is nothing less than a compact quantum group-von Neumann
algebra. Here we do not assume anything about the algebraic structures of M . Instead, we
impose A that gives the “topology on G∞” on our formulation of G∞.
Definition 3.2. A normal τˆ -KMS state onM with inverse temperature −1 is called a quantized
character of a quantum group W ∗-algebra G. We denote by Char(G) the set of quantized
characters of G and equip Char(G) with the topology of pointwise convergence on A.
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Definition 3.3. Let (T,H) be a normal ∗-representation of M . We call (T,H) a unitary
representation of G if there exists a one-parameter automorphism group {γt}t∈R on T (M)
satisfying γt(T (x)) = T (τˆt(x)) for any x ∈M . We call (T,H) a factor unitary representation if
T (M) is a factor. We call (T,H) a quantum finite (semifinite) unitary representation if {γt}t∈R
is the modular automorphism group of some faithful state (resp. weight) on T (M).
It is easy to show that the GNS-representations of quantized characters of G are quantum
finite representations of G.
Definition 3.4. The tensor product representation of two representation (T1,H1), (T2,H2) of G
is defined as (T1 T©T2,H1⊗H2), where T1 T©T2 := (T1⊗T2)◦ δˆ. The contragredient representation
of (T,H) is defined as (T c,H), where T c(x)ξ¯ := T (Rˆ(x∗))ξ for any x ∈M and ξ¯ ∈ H.
It is unclear to us whether the contragredient representation of quantum finite representation
is again quantum finite. However, the tensor product of any given two quantized characters
is also a quantized character. Namely, the tensor product of any given two quantum finite
representations becomes again a quantum finite representation.
Lemma 3.1. Let χ1, χ2 be quantized characters of G. Then χ1 T© χ2 := (χ1 ⊗ χ2) ◦ δˆ∞ is also
a quantized character of G.
Proof. Remark that χ1⊗χ2 is a τˆ ⊗ τˆ -KMS state on M⊗¯M . Thus, for any pair x, y ∈M there
exists a bounded continuous complex function F on {z ∈ C | −1 ≤ Im(z) ≤ 0}, which is analytic
in {z ∈ C | −1 < Im(z) < 0}, such that for any t ∈ R
F (t) = χ1 ⊗ χ2(δ(x)(τˆ ⊗ τˆ )t(δ(y))),
F (t− i) = χ1 ⊗ χ2((τˆ ⊗ τˆ )t(δ(y))δ(x)).
By Equation (3.3), we have F (t) = χ1 T©χ2(xτˆt(y)) and F (t− i) = χ1 T©χ2(τˆt(y)x) for any t ∈ R.
Hence, χ1 T© χ2 is τˆ -KMS state. 
Let G∞ := (W
∗(G∞),A(G∞), δˆ∞, ǫˆ∞, Rˆ∞, {τˆ∞t }t∈R) be the inductive limit quantum group
W ∗-algebra of an inductive system of compact quantum groups GN . In the rest of this section,
we compare the definition of quantized character of G∞ and our previous one [11, Definition
2.2]. Recall that {τˆ∞t }t∈R preserves A(G∞) globally. We denote by the same symbol τˆ
∞
t its
restriction to A(G∞).
Lemma 3.2. Let (T,H) be a non-degenerate ∗-representation of A(G∞) and (e
(N)
i )
∞
i=0 an
approximate unit for C∗(GN ). Then there is a unique normal extension T˜ : W
∗(G∞) → B(H)
of T if and only if T (e
(N)
i ) converges to idH in the strong operator topology for every N ≥ 1.
Proof. If there is a normal extension T˜ : W ∗(G∞) → B(H), then T (e
(N)
i ) converges to T (1) =
idH in the strong operator topology for every N ≥ 1. Conversely, we assume that T (e
(N)
i )
converges to idH in the strong operator topology for every N ≥ 1. By the assumption, the
restriction of (T,H) to C∗(GN ) is also non-degenerate for every N ≥ 1. Then we can prove
that there exists a unique extension of (T |C∗(GN ),H) to a normal ∗-homomorphism (T˜N ,H) of
W ∗(GN ). Moreover, we have T˜N+1 ◦ ΘN = T˜N . Therefore, by the universality of W ∗(G∞), we
have a unique normal ∗-representation (T˜ ,H) satisfying that T˜ |A(G∞) = T . 
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Lemma 3.3. Let χ be a τˆ∞-KMS state on A(G∞) and (Tχ,Hχ, ξχ) the associated GNS-triple.
Then ‖χ|C∗(GN )‖ = 1 for every N ≥ 1 if and only if the ∗-representation (Tχ,Hχ) satisfies the
assumption in Lemma 3.2.
Proof. We assume that ‖χ|C∗(GN)‖ = 1 for every N ≥ 1. Let A(G∞)τˆ∞ be the set of τˆ
∞-
analytic elements. Remark that A(G∞)τˆ∞ is norm dense in A(G∞), and hence A(G∞)τˆ∞ξχ is
dense in Hχ. For any x ∈ A(G∞)τˆ∞ we have
‖Tχ(x)ξχ − Tχ(e
(N)
i )Tχ(x)ξχ‖
2 = χ(τˆ∞i (x)x
∗(1− e
(N)
i )
2) ≤ ‖xτˆ∞i (x
∗)‖2‖Tχ(1 − e
(N)
i )ξχ‖
2.
Since ‖χ|C∗(GN )‖ = 1, we have lim supi→∞ ‖Tχ(1−e
(N)
i )ξχ‖ = 0. Therefore, Tχ(e
(N)
i ) converges
to idHχ in the strong operator topology. Conversely, if Tχ(e
(N)
i ) converges to idHχ in the strong
operator topology for every N ≥ 1, then we have
1 ≥ ‖χ|C∗(GN )‖ ≥ lim sup
i→∞
χ(e
(N)
i ) = lim sup
i→∞
〈Tχ(e
(N)
i )ξχ, ξχ〉 = 1.

Let KMS(A(G∞))
0 be the set of τˆ∞-KMS states ϕ on A(G∞) satisfying ‖ϕ|C∗(GN )‖ = 1 for
every N ≥ 1. We equip KMS(A(G∞))0 with the weak∗ topology induced from A(G∞). By the
following theorem, the above definition of quantized characters of G∞ and our previous one [11,
Definition 2.2] are equivalent.
Theorem 3.1. For any χ ∈ Char(G∞) its restriction χ|A(G∞) falls into KMS(A(G∞))
0. More-
over, this correspondence is an affine homeomorphism.
Proof. By Lemma 3.2, 3.3, χ|A(G∞) falls into KMS(A(G∞))
0 for any χ ∈ Char(G∞) and this
correspondence is affine and bijective. Moreover, by the definition of topology on Char(G∞),
this correspondence is a homeomorphism. 
Remark 3.2. By Proposition 2.1, it is easy to show that Char(G∞) is homeomorphic to
Char(G∞) equipped with the topology of pointwise convergence on
⋃
N≥0W
∗(GN ). We assume
that G∞ is not just a symbol, but an inductive limit of usual compact group, i.e., G∞ = lim−→N
GN
(equipped with the inductive limit topology). Then the topology on the set of characters of G∞
by the uniform convergence on compact subsets coincides with the weakest topology such that
the mappings χ 7→
∫
GN
χ(g)f(g)dµN (g) are continuous for any f ∈ L1(GN , µN ) and any N ≥ 1,
where µN is the Haar probability measure of GN (see [5]). Moreover, the set of characters of
G∞ is homeomorphic to the set of tracial states ϕ on A(G∞) satisfying that ‖ϕ|C∗(GN )‖ = 1
for every N ≥ 1 (see [3, Section 2.1] and [11, Section 2.4]). By Theorem 3.1, they are also
homeomorphic to the set of normal tracial states on W ∗(G∞) with the topology of pointwise
convergence on A(G∞), which is nothing less than the set of quantized characters since {τˆ∞t }t∈R
is trivial in this case.
Remark 3.3. We can regardW ∗(G∞) as the “group von Neumann algebra” of G∞. Indeed, we
have a bijective correspondence between the set of all unitary representations of G∞ and the set
of all non-degenerate normal ∗-representations of W ∗(G∞). Let (π,H) be a unitary representa-
tion of G∞. Then each restriction π|GN induces a unique non-degenerate representation (π˜N ,H)
of W ∗(GN ), and we have that π˜N+1 ◦ ΘN = π˜N for every N . Thus, we have a non-degenerate
representation (π˜,H) of W ∗(G∞) satisfying π˜ ◦ Θ∞N = π˜N for every N . We can also obtain
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the reverse correspondence in the same way. Moreover, we have that π˜(W ∗(G∞))
′′ = π(G∞)
′′.
Thus, W ∗(G∞) and G∞ have the same representation theory.
4. The inductive limit Uq of Uq(N) and their tensor product representations
4.1. Basics of quantum unitary groups Uq(N). Let q ∈ (0, 1) and Uq(N) the quantum
unitary group of rank N . See e.g., [8] for its definition. Then we can regard Uq(N) as a quantum
subgroup Uq(N + 1). Thus, the inductive limit quantum group W
∗-algebra of Uq(N) is well
defined and denoted by Uq. It is known that the branching rules of irreducible representations
does not depend on the parameter q, that is, the following facts hold (see [20], [8]):
• All equivalence classes of irreducible representations of Uq(N) and U(N) are labeled
with the set of signatures given as SignN := {λ = (λn)
N
n=1 ∈ Z
N | λ1 ≥ λ2 ≥ · · · ≥ λN},
where we set Sign0 := {∗}.
• The restriction of the irreducible representation labeled with λ ∈ SignN+1 contains the
irreducible one labeled with µ ∈ SignN if and only if λ1 ≥ µ1 ≥ λ2 ≥ · · · ≥ µN ≥ λN+1.
We write µ ≺ λ in this case. Moreover, we assume ∗ ≺ λ for every λ ∈ Sign1.
Remark 4.1. By the above two facts, Uq(N) and U(N) have the same fusion ring and the
dimensions of irreducible representation do not depends on q. Therefore, by [7, Theorem 2.7.10,
Proposition 2.7.12], the Haar state of Uq(N) is faithful.
Remark 4.2. Noumi, Yamada and Mimachi ([8, Theorem 2.5]) gave a concrete realization
of irreducible representations of Uq(N). In particular, the irreducible representation of Uq(N)
corresponding to (k, . . . , k) for any k ∈ Z is given as detkq (N) ∈ C⊗A(Uq(N)).
Let TN = (C(T
N ), δTN ) be the compact quantum group of N dimensional torus T
N (see [7,
Example 1.2.2]). Then we can regard TN is a quantum subgroup of Uq(N). See [11] for example.
We denote by πN the restriction map.
4.2. q-Coherent systems and q-Schur generating functions. Here we briefly summarize
q-coherent systems and q-Schur generating functions. We define wq(µ, λ) := q
N |µ|−(N−1)|λ| for
any pair µ ∈ SignN−1, λ ∈ SignN satisfying µ ≺ λ. A sequence of probability measures PN on
SignN is called a q-coherent system if it holds
PN ({µ})
dimq(µ)
=
∑
λ∈SignN+1:µ≺λ
wq(µ, λ)
PN+1({λ})
dimq(λ)
for every µ ∈ SignN and N ≥ 1.
For a probability measure PN on SignN its q-Schur generating function S(z1, . . . , zN ;PN ) is
defined as
S(x1, . . . , xN ;PN ) :=
∑
λ∈SignN
PN ({λ})
sλ(x1, . . . , xN )
sλ(1, q−2, . . . , q−2(N−1))
,
where sλ(x1, . . . , xN ) is the Schur (Laurent) polynomial with label λ ∈ SignN . Remark that
S(x1, . . . , xN ;PN ) absolutely converges on TN := {(x1, . . . , xN ) ∈ CN | |xi| = q−2(i−1)} for any
probability measure PN on SignN .
For any quantized character χ of Uq(N) there is a probability measure PN on SignN satisfying
that
(χ⊗ πN )(U
Uq(N))(z1, . . . , zN ) = S(z1, q
−2z2, . . . , q
−2(N−1)zN ;PN ) (4.1)
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on (z1, . . . , zN) ∈ TN . See Section 2 for the notation UUq(N). In particular, we have
(χλ ⊗ πN )(U
Uq(N))(z1, . . . , zN ) =
sλ(z1, q
−2z2, . . . , q
−2(N−1)zN)
sλ(1, q−2, . . . , q−2(N−1))
, (4.2)
where χλ is the indecomposable quantized character with label λ ∈ SignN .
By Theorem 3.1 and [11, Section 3], two simplexes of q-coherent systems and quantized
characters of Uq are affine homeomorphic. Indeed, Equation (4.1) gives an affine homeomor-
phism between those simplexes. Moreover, their extreme points are completely parametrized
by N := {(θi)∞i=1 ∈ Z
∞ | θ1 ≤ θ2 ≤ · · · }. See [11], [4] for more details. In particular, if χ is a
quantized character of Uq corresponding to a q-coherent system (PN )
∞
N=1, then we have
(χ|W∗(Uq(N)) ⊗ πN )(U
Uq(N))(z1, . . . , zN) = S(z1, q
−2z2, . . . , q
−2(N−1)zN ;PN ). (4.3)
Moreover, if χ is extreme and (θi)
∞
i=1 ∈ N is its corresponding parameter, then we have
(χ|W∗(Uq(N)) ⊗ πN )(U
Uq(N))(z1, . . . , zN ) =
s(θN ,θN−1,...,θ1)(z1, q
−2z2, . . . , q
−2(N−1)zN)
s(θN ,θN−1,...,θ1)(1, q
−2, . . . , q−2(N−1))
. (4.4)
4.3. Tensor product representation of Uq and q-Schur generating functions. In this
section, we discuss tensor product representations of the inductive system Uq of Uq(N). Then
we give a representation theoretic interpretation of the transformations Ak on N defined as
Ak((θi)
∞
i=1) := (θi + k)
∞
i=1, which often appear in the analysis of q-central probability measures
(see [4], [2]).
Proposition 4.1. Let χ, χ1, χ2 be quantized characters of Uq(N) and P, P1, P2 their corre-
sponding probability measures on SignN , respectively. Then χ = χ1 T© χ2 if and only if
S(x1, . . . , xN ;P ) = S(x1, . . . , xN ;P1)S(x1, . . . , xN ;P2) (4.5)
holds for every (x1, . . . , xN ) ∈ TN .
Proof. Let UN := U
Uq(N). If χ = χ1 T© χ2, by Equations (2.1), (4.1), we have
S(x1, . . . , xN ;P ) = (χ1 T© χ2 ⊗ πN )(UN )(x1, q
2x2, . . . , q
2(N−1)xN )
= (χ1 ⊗ χ2 ⊗ πN )(UN23UN13)(x1, q
2x2, . . . , q
2(N−1)xN )
= S(x1, . . . , xN ;P1)S(x1, . . . , xN ;P2).
Conversely, if Equation (4.5) holds, then we have (χ⊗ πN )(UN ) = (χ1 T© χ2 ⊗ πN )(UN ) by the
above calculation. Thus, χ and χ1 T© χ2 correspond to the same probability measure on SignN ,
that is, χ = χ1 T© χ2. 
This type of claim holds even in the infinite-dimensional case.
Theorem 4.1. Let χ, χ1, χ2 be quantized characters of the inductive system Uq of Uq(N) and
(PN )N , (P
1
N )N , (P
2
N )N their corresponding q-coherent systems, respectively. Then χ = χ1 T© χ2
if and only if Equation (4.5) holds for every N ≥ 1.
Proof. Since
⋃
N≥0W
∗(Uq(N)) is σ-weakly dense in W
∗(Uq), we have that χ = χ1 T© χ2 if and
only if χ|W∗(Uq(N)) = (χ1 T© χ2)|W∗(Uq(N)) for every N ≥ 1. Thus, this theorem immediately
follows from Proposition 4.1. 
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Corollary 4.1. Let χθ be the extreme quantized character corresponding to θ ∈ N . Then
χ(k,k,... ) T© χθ = χAk(θ) for every k ∈ Z. Two representations (TAk(θ),HAk(θ)) and (Tθ T©
T(k,k,... ),Hθ ⊗H(k,k,... )) of A(Uq) are unitarily equivalent for every k ∈ Z .
Proof. By Proposition 4.1, it suffices to show that
S(x1, . . . , xN ;P
Ak(θ)
N ) = S(x1, . . . , xN ;P
θ
N )S(x1, . . . , xN ;P
(k,k,... )
N )
for every N ≥ 1, where (P θN )
∞
N=1 is the extreme q-coherent system corresponding to θ ∈ N .
We define Ak(λ) := (λ1 + k, . . . , λN + k) for any λ ∈ SignN . By [4, Proposition 5.13], we have
P
Ak(θ)
N = P
θ
N ◦A−k. Thus, since sAk(λ)(x1, . . . , xN ) = x
k
1 · · ·x
k
Nsλ(x1, . . . , xN ), we have
S(x1, . . . , xN ;P
Ak(θ)
N ) = x
k
1(q
2x2) · · · (q
2(N−1)xN )
kS(x1, . . . , xN ;P
θ
N ).
Moreover, by Equations (4.3), (4.4), we have
S(x1, . . . , xN ;P
(k,k,... )
N ) = x
k
1(q
2x2)
k . . . (q2(N−1)xN )
k.
Thus, we have S(x1, . . . , xN ;P
Ak(θ)
N ) = S(x1, . . . , xN ;P
θ
N )S(x1, . . . , xN ;P
(k)
N ). 
Here is the conclusion of this paper. The description of tensor product representations is of
importance in representation theory. The determinant det(U) of U ∈ U(N) ⊂ U(∞) gives one
of the simplest extreme characters, and the product of the determinant and an arbitrary extreme
character also becomes an extreme character. Moreover, using Voiculescu functions (see [18]) of
extreme characters, we can describe such a multiplication of the determinant and an extreme
character (i.e., the tensor product of the determinant and finite factor representation) explicitly.
In the asymptotic representation theory of Uq, Voiculescu functions are replaced with q-Schur
generating functions. In fact, we have described tensor product representations associated with
quantized characters in terms of q-Schur generating functions in Theorem 4.1. By Remark 4.2,
the quantum analog of det k (k ∈ Z) is given as an extreme quantized character corresponding
to (k, k, . . . ) ∈ N . Similarly to the case of U(∞), we have proved that the tensor product
of extreme quantized character corresponding to (k, k, . . . ) ∈ N and an arbitrary parameter
must be extreme. Moreover, the resulting new parameter is given by transformation Ak on N .
Therefore, we able to give an explicit representation theoretic interpretation to Ak.
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